In this paper we compute the contribution to the constraints of relativity due to the Klein-Gordon and massless Dirac fermionic fields in the full theory, writing out the constraints from the perspective of a dimensionally expanded system as well as from a reduced system which incorporates the mixed partials condition. We compare the quantization of the matter fields in Ashtekar variables to the ChangSoo variables for various ordering prescriptions and create a library of terms for use in the construction of the generalized Kodama states for the lower spin matter fields in the latter. Additionally, we provide a cursory analysis of the effects of higher spin fields and higher orders of singularity on the generalized Kodama states.
Introduction
The purpose of the present paper is to delve into more detail regarding the matter contribution to the constraints of relativity in the Chang-Soo variables. In [1] we adapt the semiclassical-quantum correspondence and the algorithm for constructing the generalized Kodama states Ψ GKod to these new variables and we highlight their gravitational aspects. We now go into more detail regarding the model-specific matter aspects by considering their contributions to the different orders of singularity comprising the quantum constraints, and we create a library of terms which can be used to construct the Ψ GKod of the full theory for the chosen model. In the present paper we focus on the lower spin fields, namely the Klein-Gordon scalar field and and the massless Dirac fermion field. In section 2 we provide an overview of the matter sources for the constraints that can arise in typical quantum field theories, with a view to focusing in this paper on the lower spin field contributions. In section 3 we compute the required contributions due to the Klein-Gordon scalar field, taking into account both the kinetic and the spatial gradient terms, as well as the poential term. One difference to the theory of special relativity for the Klein-Gordon scalar field, which treats the spatial gradient term as another contribution to the scalar potential V (φ), is that when the theory is quantized on the same footing as gravity, the aforementioned terms get separated by way of the SQC into separate orders of singularity, the latter forming a contribution to the cosmological constant Λ. Hence, there exists a mechanism for extrapolating the semiclassical limit below the Planck scale into its corresponding imprints in the fully coupled theory, which may produce some effects that can be distinguished by experiement. Additionally, in section 3 we write the KleinGordon contribution taking the mixed partials condition into account, which is a necessary condition for the existence of a good semiclassical limit. In section 4 we compute the contributions due to the massless Dirac fermion field. This contribution is bilinear in the momenta and leads to various possibilities for the various operator orderings. We compute the effect of each ordering and adopt the natural ordering in the Chang-Soo variables as a practical choice for obtaining solutions to the constraints, since it produces the fewest quantum singularities. We as well incorporate the effect of the mixed partials condition on the fermionic contributions. It is expected that the Dirac mass term comprises a contribution to the comological constant Λ. Additionally, we compute the quartic fermion contribution, which occurs in versions of the first order formalism of relativity containing torsion when fermionic fields are present. In section 5 we compute the contribution due to Yang-Mills fields. Due to the nonpolynomial nature of the constraints for this field, additional orders of singularity beyond the ( Gδ (3) (0)) 2 terms from the cosmological constant of gravity contribute, which cannot be solved within the current framework for other than the simplest case leading to the Yang-Mills Chern-Simons functional. 1 The principle for incorporating this contribution is the same at the higher orders of singularity as for the lower orders: the coefficients must be required to vanish, which impose additional restrictions on the allowable momenta of the fields. We save a more detailed treatment of this for future work. In section 6 we briefly note an exact solution, given by the corresponding Chern-Simons functional for the gravitino. In section 7 we rewrite the constraints of the full theory taking into account the contributions of the Klein-Gordon and the Dirac fields combined, both from the dimensionally reduced perspective, which incorporate the mixed partials conditions into the constraints, as well as the dimensionally extended perspective, which treats the mixed partials conditions as part of the constraints of a larger system. Additionally, we provide a physical interpretation of various terms comprising the constraints in the case of the lower spin field contributions to quadratic degree in singularity.
Matter field contribution to the constraints
The quantum Hamiltonian constraint of general relativity in the Chang-Soo X ae variables, due to quantization subsequent to expansion about the pure Kodama state, is given by δ aeǫae + ǫ abc ǫ ef g Λ 6 δ cgǫaeǫbf + Λ 2 72ǫ aeǫbfǫcg Ψ GKod = GΛ 12|B|Ω Ψ GKod = trǫ + Λ 6 V arǫ + Λ 2 12 detǫ + Gδ (3) (0) Λ 6 ∇ ae ǫ ae + Λ 2 48 ∂ aebf (ǫ ae ǫ bf ) + Λ 2 72 ( Gδ (3) (0)) 2 ∆ ae ǫ ae Ψ GKod (1) whereΩ is the matter contribution. We will now compute the matter contribution to the Hamiltonian constraint for a large class of models. It is not the purpose of this paper to concentrate in any detail on the 3+1 decompositions of the matter Hamiltonians. For a comprehensive classical treatment of the matter contribution to the constraints in Ashtekar variables the reader 1 It has been argued by Witten that the Chern-Simons functional cannot serve as the ground state of gravity due to its pathologies, in analogy to Yang-Mills theory [2] . We maintain that this argument does not apply to the Chern-Simons functional of gravity due to the diffeomorphism symmetry group. However, for Yang-Mills theory coupled to gravity the Yang-Mills contribution to the state would produce such pathologies, without additional provisions to deal with the nonunitarity of the theory. is directed to [3] , [4] . The purpose is to create a library of terms as well as to obtain some intuition on how the different parts of a matter-specific model drive the flow of the CDJ deviation matrix to its corresponding generalized Kodama state Ψ GKod . We expect that that the specifics of a particular model should leave its imprints upon the solution as well as upon potential observations below the Planck scale.
We mold the relevant quantities of [3] , [4] into our own notation in writing the matter Hamiltonians. Since the diffeomorphism constraints are of the same form irrespective of the specific matter model, 2 we will focus on the contribution due to the Hamiltonian constraints. These are given by
Note that the matter Hamiltonian can be obtained by smearing this function with the densitized lapse density N = N/ √ h where N is the lapse density and h = det(h ij ) is the determinant of the three metric, via the relation
The individual terms of the Hamiltonian constraint, putting all contributions on the same footing with respect to the lapse density function, are given by
for the Klein-Gordon scalar field with self-interaction potential V (φ). Note that all matter Hamiltonians containing terms proportional to det σ will contribute to the cosmological constant Λ. The Dirac fermion constribution is given by
where V Dir may in general contain mass terms and quartic self-interaction terms of the form
The Dirac Hamiltonian constraint can make a contribution to the cosmological constant Λ through these potential terms. 3 The Yang-Mills contribution is nonpolynomial in the basic variables for the same lapse density function, and is given by
where the trace is over SU (N ) indices with E A i and B A i representing the Yang-Mills electric and magnetic fields respectively. Note that the YangMills contribution is proportional to det σ, therefore we should expect it to make a contribution to the cosmological constant. However, the metric contracted with the Yang-Mills energy momentum tensor is the covariant metric, unlike the contraviariant metric in the the case of the Klein-Gordon field (4) . Hence, while the latter is perfectly adapted to the Ashtekar or Chang-Soo variables, the former is not. 4 We will need a prescription for deealing with the inverse of the contravariant metric in the case of YangMills fields. Another complication arising from Yang-Mills theory is that it is a gauge theory, which also has a Gauss' law constraint. This introduces an additional set of N constraints, for SU (N ), to be solved without an increase in the number of unknown momenta. Our proposed method is to first solve the Yang-Mills Gauss' law constraint coupled to the matter fields, eliminating any extraneous Yang-Mills phase variables, and then compute the (7) on the reduced Yang-Mills phase space. 5 Various methods for solving the Yang-Mills Gauss' law constraint can be found in the cited references in the introduction section of [5] .
We include the constribution due to a spin 3/2 field for completeness. As such, we borrow the results of [6] , which treat the gravitino field as a generalized BF theory, and the associated notation. Since the gravitino is a gauge field its Hamiltonian will, similarly to the Yang-Mills field, contain additional constraints corresponding to left-handed and right-handed local supersymmetry. Since we are interested in this work on the Hamiltonian constraint contributions we will focus on those. The contribution due to the gravitino field ψ A i with conjugate momentum π i A is given, not including any quartic terms from torsion, by
where g and λ are constants related to the cosmological constant Λ. We have used SU (2) spinor notation to describe the indices B = 1, 2 on the gravitino field. 6 For the purpose of the present paper we will expend the greatest detail on a general matter Hamiltonian constraint contribution of the form
where V = V KG + V Dir + V RS in general contains all contributions from all the different types of matter fields, with a view to computing the contributions to the orders of singularity Ω 0 , Ω 1 and Ω 2 for just the lower spin fields for simplicity. Equation (9) can in general represent a Lorentz scalar field, Yang-Mills and a left-handed Dirac fermion coupled to gravity. The phase space of the matter fields is given by (φ, π) for the Klein-Gordon field, (ψ α , π α ) for the Dirac field, and (A A i , E i A ) for Yang-Mills fields. We will focus on the kinetic part of (9), since the potential part V (φ) can be treated as a contribution to the cosmological constant, which is handled along with the gravitational terms. Also, we will focus in the present paper on the lower spin fields.
The mixed term of (9) occurs when there are massless fermions present. In the case of a Dirac fermion it is given by
which can as well be generalized to gravitino fields. In (10) there is dependence upon the connection A a i due to nonminimal coupling in the covariant derivative acting on the fermions, and λ is a dimensionless coupling constant for the Ashtekar connection, which is expected to be small. Also, notice that the SU (2) − generator T a occurs twice in (10). 7 Lastly, the quadratic gravitational term of (9) , which represents the spatial derivative part of the kinetic term for the scalar field, has a coefficient given by
The Yang-Mills contribution falls into a different category from the matter fields since, as we will later show, it contains inverse momenta. The coeffificient is given by
The identification e σ i a ∼ e σ i AB can be made for the gravitational momentum, since the pair AB which is symmetric in A and B can take on three possible values, (11), (12) and (22). Also, one may consider higher supergravities (N = 2, N = 3, etc) by including an additional index on the gravitino fields.
7 This is unlike Yang-Mills couplings to fermions, for which the fermions live in a
where the capital Latin letters in (12) signify the appropriate internal SU (N ) indices for the Yang-Mills field. One can now write the quantized matter contribution to the Hamiltonian constraint. Let us focus first on the nonYang-Mills part
Note in (13) that there is an ambiguity in operator ordering due to the matter Hamiltonians' being quadratic in momenta. This ordering ambiguity will be induced into Ψ GKod , but in a predictable manner once the ordering convention is specified. We will in this paper derive the contribution due to the momenta appearing to the right of the coordinates for a quantization prior to expansion, and as well for expansion prior to quantization. This is in line with the notion that the CDJ variables naturally correspond to such an ordering. We will make use of the following Ansatz for the action of the non-gravitational variables on the generalized Kodama states Ψ GKod
We now compute the stated matter contributions from the perspective of expansion about the respective boundary conditions in CDJ variables prior to quantization. One advantage of the Chang-Soo variables with respect to [8] , is that as one takes the magnetic fields B i a to the left of the momenta which hopefully simplifies the constraints. We will first compute the ingredients necessary 3 Klein-Gordon scalar field contribution to the quantum constraints
Scalar field T ij contribution in connection variables
We first show the calculation in connection variables for an operator ordering with the gravitational momenta to the left of the configuration variables. The contribution to (13) quadratic in the densitized triad is given by
The second term of the δ (3) (0) singularity in (15) drops out due to the antisymmetric indices of D ji f a contracting on the symmetric indices of T ab ij . 8 For ease of combination with the gravitational contribution, it will be convenient to rewrite the derivative term using the identity
as well as to make the expansion
and to project all spatial indices into SU (2) via τ ef = T ij B i e B j f . Substituiton of (16) and (17) into (15) leads to
Multiplication of (18) by Λ/12|B| produces (20).
Preferred operator ordering in Chang-Soo variables
We now compute the contribution to the non-kinetic term from the vantage point of expansion prior to quantization. As for the CDJ variables, the prescription is to order the magnetic fields B i a to the left of the momenta ǫ ae prior to quantization. Starting with the square triad we performs the expansion
Making the identification T ij = ∂ i φ∂ j φ for the space-space part of the energy momentum tensor of the Klein-Gordon scalar field and the identification
f for its projection into SU (2) − , as well as the tilded version when dividing by the determinant of the magnetic field τ ef = |B| −1 τ ef , (19) can be contracted to yield
One must now multiply (20) by the quantity GΛ/12|B| in order to obtain its contribution to the quantized Hamiltonian constraint. The strategy will be to separate the inhomogeneous terms and any terms linear in ǫ ae . The latter of these will ultimately transferred to the left hand side of the constraints while any inhomogeneous or linear terms remain on the right hand side. Hence one has for the eigenvalue
where the identification for the trace of the projected spatial energy momentum tensor τ = δ ef τ ef has been made.
Klein-Gordon kinetic term
Moving on the the squared matter contribution (this occurs just for KleinGordon scalar fields), we evaluate the quantity
This term does not involve any ambiguities, since there is no mixture of gravitational variables with the matter variables. Proceeding with the expansion, we have
This is a neat expansion, unmarred by complicated terms and higher order singularities. The contribution to the quantum Hamiltonian constraint then is given, by multiplying by GΛ/12|B|, by
Incorporation of the mixed partials condition
The mixed partials condition is designed to incorporate the proper semiclassical limit into the quantization procedure, and exists purely due to the presence of the matter fields coupled to gravity.
If one identifies f as with the conjugate momentum that the scalar field would have in the absence of gravity, i.e. in Minkowski spacetime, then one can identify the energy density in Minkowski spacetime which creates a back-reaction on the flat SU (2) − metric as
Then τ ae is simply the spatial part of the energy momentum tensor projected into SU (2). By combining (25) and (19) we obtain
We must multiply (25) by the quantity GΛ/12|B| in order to obtain its contribution to the quantized Hamiltonian constraint. Hence the KleinGordon kinetic term yields
4 Spin 1/2 fermionic contribution to the quantum constraints
We now compute the fermionic contribution to the quantized constraints. 9 It will be convenient to identify the quantity the
which is the analogue of the spatial part of the fermionic energy momentum tensor stripped of the fermionic conjugate momentum π α , along with its projection into SU (2) − τ αa e = B i e T αa i and its densitized version τ αa e = |B| −1 τ αa e , as a kind of metric on the vector space of CDJ deviation matrix elements. It is also convenient to define the trace τ α = δ ae τ aα e , which would represent the kinetic energy of the fermionic field stripped of the momentum π α . The mixed contribution to (13) upon contraction by this metric is given by
The fermionic contribution can naturally be generalized to include various representations of groups simply by including an additional, group, index
where a negative sign has been carefully taken into account for each instance of anticommutation of the Grassman-valued fermionic variables past one another. Note that equation (33) corresponds to a sequence of quantization prior to expansion about Ψ Kod . In order to evaluate (29) we will make use of a few identities. First, using the result for the generators of SU (2) that
it can be shown that
where we have defined C a e = B i e A a i and have used tr(T a T b ) = δ ab . Note that the first term of (31) vanishes due to the vanishing trace of the SU (2) − generators. 10 Also, by making use of the trace on spatial indices i, in combination for the Fierz identity for SU (2),
and differentiation of (32) with respect to ψ α yields 18λ, assuming twocomponent left-handed spinors. The term f α = f α (ψ β ) can be thought of as the conjugate momentum of the Dirac field as a function purely of the configuration space variables in the absence of gravity (i.e. in Minkowski spacetime), which leads to an interesting interpretation of various terms. The term (t 00 ) Dirac = 6Λ −1 τ α f α can be thought of as the local flat (Minkowski) energy momentum tensor of the Dirac field coupled to the metric of DeSitter space, hence acts as a backreaction to the isotropic SU (2) metric −6Λ −1 δ ab . The term (t ae ) Dirac = f α τ aα e is the local energy-momentum tensor of the Dirac field, based upon the Minkowski spacetime conjugate momentum f α , projected into SU (2) − . Making use of all of these identifications, the final result for the eigenvalue of the Dirac term corresponding to a quantization most natural to connection variables prior to expansion is given by
The disadvantages of this operator ordering prescription are that (i) There are numerous singularities due to the presence of the matter fields, both of order Gδ (3) (0) and ( Gδ (3) (0)) 2 , which may make it less easy to find states in the connection representation, and (ii) The negative sign on the semiclassical energy term arises due to anticommutation and may potentially be a source for ordering ambiguities. We now compute some alternate ordering prescriptions, including the proposed correct prescription for the CDJ variables.
Comparison of the various ordering prescriptions
We now illustrate the various ordeing conventions for fermions and point out the differences (ii) Ordering 2: This prescription is not appropraite for the CDJ variables, since the gravitational momenta appear to the left of the coordinates. Rather, this prescription is appropriate for the connection variables. However, it is an improvement over the previous section since at least the matter momenta are ordered to the right. This has the effect of reducing the occurence of singularities. Expanding it out,
Expanding and simplifying (34), we are led to
which contains a singular term 9λψ α π α .
(iii) Ordering 3: This ordering is equivalent to ordering 2 on account of the mixed partials condition. In this prescription, the gravitational variables are ordered appropriately with regard to the CDJ variables, being to the right of the coordinates. The question arises as to whether the matter momentum variables should as well be ordered to the right of their respective coordinates or to the left. We first compute the result for π α to the left of ψ α .
Expanding and simplifying (36), we are led to
Though this ordering is appropriate for the CDJ variables, as a result of ordering the matter momenta opposite to this prescription, there appears a singular term λC ae , which transforms the derivative ǫ ae into a covariant derivative using C ae as a connection. 11 (iv) Ordering 4: This prescription is correctly ordered with respect to the gravitational variables. It also utilizes an ordering for the matter variables which mimics that of the gravitational counterparts
This is the preferred operator ordering since it minimizes the occurence of singularities and most conducive to finding Ψ GKod in the Chang-Soo variables. So the contribution to the eigenvalue for the quantum Hamiltonian constraint is given, in analogy to (21) and (24), by
Note that by substitution of the mixed partials condition, (39) can also be written as
Incorporation of the mixed partials condition
Let us now perform the reverse sequence, by expanding the Dirac contribution at the classical level about Ψ Kod and then quantizing. We first evaluate the relevant operators, and then contract with the metric. This involves an ordering with momenta to the right of the coordinates.
Making the use of
One must now multiply (42) by the quantity GΛ/12|B| in order to obtain its contribution to the quantized Hamiltonian constraint. Again, the strategy will be to separate the inhomogeneous terms and any terms linear in ǫ ae that are not suppressed. Hence one has for the eigenvalue
We have grouped the terms in (21) and (43) according to the extent to which they are perturbative, or suppressed. Observe that (43) has some additional terms which are absent in (33), due to contributions from the operators acting on the metric T αa i . These include an inhomogeneous contribution to the functional divergence term given by iλ C − (3/4)GλΛψ α π α , as well as a linear contribution given by iλ(Λ/12) C ae ǫ ae and a contribution to the second order of singularity given by −(3/2)i λΛ. This is the advantage of the ordering prescription chosen.
Fermionic mass contribution
There are two ordeings for the fermionic mass term. First, with the momenta to the left, we have
which might be expected for the Ashtekar variables. In the CDJ variables, only the semiclassical term of (44) will contribute. However, we must still take into account the detˆ σ effect. The simplest way to see this is to use Chang-Soo variables. Commuting the fermionic contributions to the left, we have
where we have used the results of [7] and the definitions theorein regarding the functional Laplacian ∆ ae and quadratic functional divergence ∂ aebf operators. Expanding this our further into the associated degrees of singularity, we obtain
We see that the fermionic mass term contributes to as high a degree of singularity as the cubic order, which means the constraints C ae = 0 in [9] would be modified acoordingly, with the additional condition q 3 = 0, where q 3 is the coefficient in (46) of cubic degree in singularity. Consistency with the remaining 9 + N equations must be verified if including a fermionic mass term in the theory, since there are is one more equation than the number of unknowns. The system of equations is more difficult to solve, but solvable in principle. 12
Quartic fermionic contribution
Another type of qudratic term, besides the pure Klein-Gordon scalar kinetic term, can occur due to fermions. Such a term can arise from a typical quartic coupling of the form
We will first expand this term for a non-preferred ordering to get a feel for the type of singular terms that can occur. Expanding, taking care to take account of signs from anticommutating of the fermionic fields past each other,
Continuing from (48), 12 If upon thorough analysis the equations Cae = 0 turn out to be inconsistent, then this would be sufficient grounds for setting m = 0 which would signify that the fermion must be massless at the level of the fundamental theory, if quantum gravity is a fundamental theory with a good semiclassical limit. The mass must be acquired by some other means such as symmetry breaking, which is not inconsistent with the standard model. A more in-depth analysis is required, as in quantizing all of the fields on the same footing together with gravity for the associated Ψ GKod in order to make a definite conclusion.
The least favorable case for the quartic term, as may be expected in the Ashtekar variables, is to place the two momenta to the left of the coordinates as inππψψ, and the most favorable, as in the Chang-Soo variables, is to place the momenta to the right as inψψππ, which will result only in δ (3) (0) singularities. However, it must be noted that there is still a factor of det σ which must be incorporated, which will induce additional singularitieŝ
to create a δ (3) (0) singularity. 13 Quartic terms are usually eliminated in the usual treatments of fermions coupled to gravity. Nonetheless, we have a mechanism via the SQC to treat these terms if desired. Note that such terms are expected to be small when suppressed by the additional factor of GΛ/detB in the quantum Hamiltonian constraint.
SU (N ) Yang-Mills contribution

The unphysical zero energy generalized Kodama state
The contribution due to Yang-Mills fields is by far the most difficult to incorporate, therefore we will save it for future work. We shall illustrate the basic concept in this section. The central question is the manner by which one interprets the action of the Yang-Mills Hamiltonian, which contains inverse momentum operators, on the generalized Kodama states.
One way to avoid the issue of the inverse operators is to select a quantum state Ψ GKod which is annihilated by the operator Y ij ab . Hence,
Note that under the self-duality Ansatz for the Yang-Mills field igE i A = B i a , we would have upon quantization that
The semiclassical part exactly cancels out. Let us now compute the term first order in singularity. Using the definition of the SU (N ) Yang-Mills field for SU (N ) structure constants f ABC we have
due to antisymmetry of structure constants. This means that for gravity coupled just to Yang-Mills theory, the Yang-Mills part can be factored out from the gravitational part as in
The factorization in (56) signifies that the Yang-Mills energy and the gravitational energy each separately vanish, which is still a valid solution to the constraints. To consider more general solutions, one must consider the more general case for which the self-duality condition for Yang-Mills theory is not satisfied. Note that the Yang-Mills self-duality condition is the same that it would be in flat Minkowski spacetime, E i A ∼ (δ/δA A i ) ∝ iB i A which integrates directly to yield the Yang-Mills Chern-Simons functional
(where now the trace is over the bilinear form appropriate to the algebra for the Yang-Mills gauge group SU(N)) and the corresponding state
Hence there is at least one state, the zero energy state, which satisfies the quantum Hamiltonian constraint. This is a state which satisfies the semiclassical-quantum correspondence exactly with no quantum corrections. It can be viewed as an enlargement of the Lie algebra of the connection comprising the Chern-Simons state from SU (2) gr −→ SU (2) gr ⊗ SU (N ) Y M , which should be treatable via methods of topological field theory. The Yang-Mills part of eq(61) is more formally recognized as the boundary term for a topological invariant which does not affect the classical equations of motion in classical Yang-Mills theory in Minkowski spacetime. Furthermore, it is commonly regarded as highly unphysical in Yang-Mills theory since any attempt to build a Fock space around this state results in some states of negative norm and of negative energy. As pointed out by Witten [2] , the Yang-Mills chern Simons functional should not be regarded as a physical state. The case Y ij = 0 in eq(52) corresponds to excited Yang-Mills states. For these states the pure gravitational Kodama state ceases to be a solution and more general states must be found, which requires a treatment of the inverse operators.
Consideration of nonzero sector (physical) states
Since any wavefuctional for the most general generalized Kodama state
contains dependence upon only the configuration space variables (we have included any dependence upon gravitino fields ψ α i ), then the state is automatically an eigenstate diagonal in any operator consisting of the conjugate momenta for these fields. We shall invoke the notion that the eigenvalue of the inverse of an operator is the inverse of the eigenvalue as well as the following matrix identity
We will for simplicity treat the double densitized triads in (52) as a composite operatorĤ ij Recalling the identity that
The Yang-Mills Hamiltonian (52) can be expressed in the form Ω Y M = det σ(H −1 ) ij trY ij where the trace is taken over SU (N ) indices. The quantized Yang-Mills contribution then amounts to the evaluation of the operator
Note that the since the eigenvalue H ij contains one order of singularity Gδ (3) (0) which is formally infinite, its inverse goes as ( Gδ (3) (0)) −1 which is formally zero. However, in our quantization procedure one must keep careful track of the degrees of singularity in order to properly ensure the cancellation of infinities. We will find that the quantized Yang-Mills Hamiltonian will yield up to fourth order in singularity. We will compute a few terms in order to illustrate the idea. Acting once yields
Note that the eigenvalue in (62) does not contain any singularities due to cancellation of all powers of δ (3) (0) in the first term. The second term vanishes due to the occurence of δ (3) (0) in the denominator, and the overall eigenvalue is finite. This cancellation of infinities is the main mechanism by with on obtains finite values for composite operators in our quantization algorithm. One maintains all terms, imposing the limits of zero or infinity after all operations are performed. Acting again leads to
where the q 0 and q 1 terms are appropriately determined by singularity cancellations in the coefficients of the expansion. Again, the expansion terminates at finite order and is first order in singularity. The third functional derivative consists of over 50 individual terms, so we will compute only a few terms to illustrate the idea.
The expansion (64) is second-order in singularity. In order to compute the full eigenvalue one must also account for the Y ij contribution
Quantization of (12) after contraction of the δ ab indices into the triads leads toŶ
It is not necessary to carry out the details of the calculation in order note that the final expansion will be of the form
From (67) it is evident that Yang-Mills theory incorporates two additional conditions on solution for the CDJ matrix elements. The total Hamiltonian involving non Yang-Mills fields expands to two orders in singularity. To incorporate Yang-Mills fields into to theory one must include the (q 0 ) Y M , (q 1 ) Y M and (q 2 ) Y M contributions to the cancellation of infinities for the lower-order fields as well as introduce two additional conditions (q 3 ) Y M = (q 4 ) Y M = 0) without any inconsistencies in order to solve the quantum Hamiltonian constraint. These conditions amount to a set of fifth-order differential equations. The Yang-Mills Gauss' law constraint must also be solved in analogy to the gravitational Gauss' law. We will save full treatment of the Yang-Mills model for future work. 14
Preferred ordering for Yang-Mills Theory in Chang-Soo variables
The prescription for transforming the Yang-Mills contribution into ChangSoo variables is to apply the CDJ Ansatz and expansion, moving the Ashtekar magnetic fields all to the left of the momenta, prior to quantization. One applies the CDJ Ansatz
and the Yang-Mills contribution at the classical level becomes
By expansion about the pure Kodama state
and by use of (1), we obtain
The advantage of the Chang-Soo variables is clear when one attempts to treat Yang-Mills theory coupled to gravity. We will save this for future work, but imagine trying to quantize (71), in contrast to the treatment of the former section, with the momenta ordered to the right in ChangSoo variables. The first term incurs a singularity of ( Gδ (3) (0)) −1 , which is formally zero. However, the second term involving the determinant incurs a singularity of order ( Gδ (3) (0)) 2 , which is formally infinite. The Yang-Mills energy momentum tensor T ij , begin quadratic in momenta, incurs an singularity of order Gδ (3) (0). The only contributing term to the constraints will be that which involves a cancellation to produce a net singularity of order ( Gδ (3) (0)) 2 , which merely forms a contribution to the q 2 = 0 term. Hence, Yang-Mills theory is quantizable within the framework of our method for solving the constraints in CDJ variables, and construction of the corresponding Ψ GKod should be tractable. This is an improvement over the corresponding treatment in connection variables, which goes up to the q 4 = 0 term. 15 For ease of combination with the gravitational contribution, it will be convenient to rewrite the derivative term using the identity
to transform the Yang-Mills contribution, which is most suited for connection variables, into the Chang-Soo variables.
Spin 3/2 gravitino fields
An examination of the gravitino contribution to the quantum Hamiltonian constraint (8)
shows that it admits a zero energy solution, in analogy to the Yang-Mills case, whcen the term in brackets vanishes. This leads directly to the ChernSimons functional as a solution [6] Ψ
for g = 0 and
where
This has the interpretation for the generalized Kodama state as being the Chern-Simons functional for an enlarged graded gauge algebra. Likewise, as in the Yang-Mills case, we can consider states for which the gravitino energy does not vanish. 16 7 Interpretation of the constraints for the lowerspin fields
Combining and grouping (21), (43) and (28) according to how the terms will be combined with the gravitational portion, we obtain
∂ǫ ae ∂ψ α (77)
Mixed partials contribution to the kinematic constraints
The diffeomorphism constraint, which corresponds to the time-space part of the Einstein equations G 0i = GT 0i reads
Here in (78) we see that the the matter contribution if not for gravitational interactions would be the local matter momentum for Minkowsi spacetime, which also is the Noether charge corresponding to global spatial translational symmetry. The densitization and projection into SU (2) − of this charge suggests, in view of (78), that the conjugate variable ǫ aed X ae corresponding to the antisymmetric part of ǫ ae corresponds in some way to the shift vector N i = g 0i which is a gauge degree of freedom in metric variables. Plugging in the mixed-partials condition into (78) and transferring the linear terms to the left-hand side leads to
where f α = f α ( φ) is the conjugate momentum comprising the functional condition on the mixed partials condition. In this sense, it is equation (79) which directly acts as a projection of the G 0i = GT 0i equation into SU (2) − . The Gauss' law part of the constraints reads
where λ is the SU (2) 
Dimensionally reduced form of the constraints
where Q ab , consists of the source terms that would exist in the absence of gravity, namely the components of the local energy, momentum and SU (2) − charges projected into SU (2) − , and any quantum matter effects. These terms drive the back-reaction for DeSitter spacetime. The left hand side of (1) is linear in ǫ ae and the nine by nine matrix C ef ab consists of integral and differential operators. The error vector ξ ae contains the nonlinearites and is polynomial in ǫ ae . We will focus in this paper on the linearized solution, which requires inversion of the matrix C ef ab . In order to invert this matrix we need only invert the diagonal part U ef ab and compose with the nondiagonal part O ef ab . The corresponding operator equations for the diagonal parts, not including the kinematic constaints, are given by Substitution of (77) into the constraints yields
where we have defined t 00 , the total semiclassical energy density for the matter fields in the absence of gravity, projected into SU (2) and densitized by |B| with weight −1, given by
Note that since this energy density provides an input into general relativity, one must require the semiclassical energy of the theory quantized in Minkowski spacetime to be finite and in (82) we have made the definitions
Equation (84) illustrates the incorporation of the mixed partials condition within the constraints.
Dimensionally extended form of the constraints
One may as well expand the dimension of the configuration space from 9 to 9+ N dimensions per point. In this perspective the kinematic constraints do not have a source term, the sources being considered a part of the geometry of the space along with the mixed partials condition. The semiclassical matter momenta π α become part of the unknowns of the system to be solved for. In a sense this perspective takes them off the shell of the mixed partials condition and puts them back on-shell at each order of perturbation theory upon inversion of the kinetic operator. The kinetic operator in this case now appears in the form of a 9+N by 9+ N matrix which must be inverted. The tradeoff is that although the matrix is bigger than the dimensionally reduced case, the matrix operations are simpler to perform and can be programmed as an algorithm into a computing machine. The dimensionally extended quantum constraints for general relativity corresponding to the preferred operator ordering, in congruity with the CDJ variables, are given by
The mixed partials condition is included in the constraints, as it is a consistency condition on the quantization procedure. One may wonder about the mixed partials condition between the Klein-Gordon scalar φ and the fermionic variables ψ α , as they as as well independent dynamical variables. Note that this is not an independent condition as it can be derived directly from the mixed partials condition between the matter and the gravitational variables. Note that f α = f α (ψ β ) is a function completely of the fermionic variables and that f = f (φ) is a function completely of the scalar field. One has that
and that
Equating (86) and (87) yields that
which is consistent with the equal-time commutation relations amongst the conjugate momenta between these variables π α (x, t),π(x, t) = 0.
It will be convenient, when writing a general solution to the quantum constraints, to treat the semiclassical matter momentum eigenvalue Π α as the analgoue of the CDJ deviation matrix ǫ ae . From this perspective, each can be used as messenger variables to facilitate construction of the solution.
Hence one enlarges the matrix kinetic operator that must be inverted by increasing the dimension of the base space of the fibre bundle from 9 to 9 + N , where N is the dimension of the space per point of the matter configuration variables. The index α then varies between 1 and N . The constraints can be written in the following general form
where I (N ) is the N by N identity matrix. The matrix O cd ab is a nine by nine matrix, which is the kinetic operator for the constraints due to pure gravity alone. It is given by [ ]
The matrix O cd ab can be written in compact form as
The matrix σ cd ab is a correction to O cd ab due to the presence of matter and is given, in the case of the Klein-Gordon scalar and the fermionic field, in shorthand notation by
It is expected that an expansion in powers of σ cd ab about O cd ab should either (i) be convergent since the connection C ae can be rescaled by a dimensionless coupling constant λ which is small, or (ii) terminate at sufficiently high degree due to vanishing anticommutating fermionic products.
The matrix nine-vector Q ab is given by
Observe that the kinematic charges, Q a and H i no longer appear in the source term. The interpretation is that these are merely corrections to the propagation of the source. Hence the only source term is due to the trace of the spatial part of the enegry momentum tensor of the matter fields. Also, there is a contribution to the functional Laplacian term, but no contribution to the functional divergence term. The source vector can be written in shorthand notation as
The matrix M α cd is a 9 by N matrix designed to enforce the mixed-partials condition. This is given, in shorthand notation, by
In the case considered N = 5, and so the scalar field contribution is included in (93) for brevity. The matrix K α ab is a N by 9 matrix designed to incorporate the contribution from the kinematic charges. It is given, in shorthand notation, by
Again, we have included the scalar contributions along with the fermionic ones in (94). Observe that the matter contribution to the kinematic constraints have been 'absorbed' into the kinetic operator, making it appear from the perspective of the 9 + N dimensional space as though there is no momentum and charge. Momentum and charge then become geometric objects in this space, leaving ony energy as a physical entity.
Interpretation of the error vector
The error vector requires some explanation. By enlarging the base configuration space to include the matter variables, we have transferred all terms quadratic and higher into the form of renormalizability network vertices. The lowest such vertex in the absence of matter is quadratic in the CDJ matrix elements. The effect of the matter contribution is to add in contributions at least quadratic in the matter momentum, since now gravity and matter are placed on equal footing. There is a contribution both from the Klein-Gordon scalar and the fermionic field, given by
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This metric is invariant under SO(9) rotations of the CDJ deviation matrix.
In the presence of a Klein-Gordon scalar field φ this symmetry is broken, and there is a correction to this metric due to the spatial part of the energy momentum tensor T ij . Note that the time components T 0µ appear either as sources (in the case of T 00 ), or as intertwined with the geometry of the matter configuration space (in the case of T 0i . The resulting correction to the metric, which is suppressed relative to the gravity-free case by order G/4, is given by 8 Discussion and directions of future research
We have computed the contributions to the quantum constraints of general relativity in the Ashtekar and the Chang-Soo variables for the range of matter fields one typically expects to encounter in a quantum field theory. The Chang-Soo variables are preferred, at least for the lower spin fields, since the natural ordering for these variables produces fewer quantum gravitational singularities. We have analyzed in greater detail the contributions due to the lower spin fields, including a Klein-Gordon scalar field with self interaction potential V (φ) and a massless Dirac fermionic field ψ α in the full theory. For the higher spin gravitino and Yang-Mills fields, there automatically exists a zero energy solution for Ψ GKod , which can be seen as the Chern-Simons functional for an enlarged gauge group, a direct product of SU (N ), with the semidirect product of graded SU (2) (to incorporate local supersymmetry for the gravitino) with diffeomorphisms. The search for states whose higher-spin matter contributions do not separately vanish requires additional work, which we propose as an area of future research. For the lower spin fields, we have for the purposes of this paper restricted ourselves to matter terms which contribute at most to second degree in singularity, due to the simplicity of the constraints for these terms, which we as well hope to treat in detail in future works. The generalized Kodama states for these models can in principle be constructed by inspection. For any terms contributing to cubic and higher degrees of singluarity, such as fermionic mass terms and fermionic quartic self-interaction terms, the corresponding coefficeints q n must be set to zero in accordance with the semiclassical-quantum correspondence in order to have a well-defined theory. This as well applies to the higher spin fields in the nonzero energy sector. Since the additional conditions are imposed on the same set of gravity-matter variables, it must be verified that the simultaneous set does not produce any inconsistencies. 17 Another interesting line of research is to expand the generalized Kodama states including the lower matter fields about the 'pure' Kodama states corresponding to the enlarged gauge group of the higher spin fields. This can in principle be accomplished in direct analogy to how one expands and Ψ GKod about Ψ Kod . Now that we have developed a general algorithm for constructing finite states of quantum gravity, another line of research is to test the various models. 18 It is anticipated that conditions for the consistency of a given matter coupling can be imposed from quantum gravity by way of the SQC, assuming that it is a fundamental theory, and can place constraints on experimental observations below the Planck scale due to the lasting imprint of the various orders of singularity on the generalized Kodama states.
